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Summary: Fibre-reinforced polymer composites are widely used in structural applications
due to their high specific stiffness and strength. In some applications the response of
dynamically loaded composite components must be analysed. For example, in crash analyses
of structural components, where very high loading rates occurs, the composite behaviour is
not fully understood. For this, we present a novel transversely isotropic viscoelasticviscoplastic constitutive model for a unidirectional carbon-epoxy composite. The model is
micromechanically motivated so that the matrix and fibre materials of the composite are
treated as micromechanical constituents at the ply scale. Based on the Hill-Mandel condition,
the phases are homogenized via the macroscopic and fluctuating strain fields. To arrive at a
simple but still representative model, a simplistic ansatz is applied to the structure of the
fluctuating strains leading to a non-standard homogenized response of the composite. The
model is applied to the non-linear rate dependent anisotropic ply behaviour under quasi-static
and dynamic loading at different off-axis angles. For a simple viscoelastic-viscoplastic
prototype for the rate dependent matrix response, there is a good correlation between
measured and model response of the IM7-8552 material system in compression and tension.
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INTRODUCTION

For the last few decades, laminated fibre reinforced polymer (FRP) composites have been
implemented in aerospace and automotive applications due to their high specific stiffness,
strength and ability to be tailored as per the application which makes them exceedingly
attractive when compared with conventional materials. However, certain technological
applications are frequently subjected to dynamic loads such as automotive crash, where the
load is applied dynamically, resulting in the development of high rates of strain and stress.
These scenarios cannot be designed or modelled with static properties, which might be too
conservative to consider. The main reason is that mechanical properties of composites vary
significantly with the strain rate.
Therefore, it is necessary to understand the behaviour of the composites at different strain rates.
It has been reported in many experimental studies that the strain rate influences the mechanical
properties of composites, but the level of sensitivity depends on material system constituents.
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It has been experimentally proven that carbon fibres are strain rate insensitive, while e.g. glass
and Kevlar® (aramid) fibres are strain rate sensitive. It was also found that mechanical
properties of pure resins are strain rate sensitive [4]. For this reason, longitudinal tensile
properties of unidirectional carbon/epoxy laminates are virtually strain rate insensitive.
Moderate rate effects were however reported for the transverse and interlaminar tensile
properties. The compressive properties of unidirectional polymer composites experience a
significant strain rate effect in longitudinal, transverse and shear direction [4].
Therefore, based on the above observations, it is required to develop an advanced composite
material model to simulate strain rate effects and non-linear stress-strain behaviour of the
dynamic response of polymer composites relevant for several loading scenarios such as bird
impact and automobile crash. The objective of this paper is to present a novel fully threedimensional micro mechanically motivated transversely isotropic viscoelastic-viscoplastic
constitutive model for a unidirectional (UD) carbon-epoxy composite, which can capture the
strain rate dependent behaviour of a UD composite in tension, compression and shear. The
model applies to the ply scale and it is based on a structural tensor-based formulation along the
lines set out in [1] for the representation of off-axis compression/extension of the composite.
The model is validated and calibrated with the already available off-axis and transverse
compression and tension test data for IM7-8552 presented in [2,3].
2 HOMOGENIZED RESPONSE OF THE MATRIX-FIBRE COMPOSITE
Consider a Representative Volume Element (RVE) ⧠ of the fibre/matrix composite as
shown in Figure 1. The matrix material is in the region ⧠ and the fibre material is in the
region ⧠ . Consider also the microscopic strain field ∈ ⧠ split into a macroscopic, constant
(average) strain
⊗∇
in the RVE (where is the macroscopic displacement of
the solid), and a fluctuating portion ∈ ⧠ . The total strain in ⧠ is thus obtained as
(1)

Figure 1 : Representative volume element of composite with volume ⧠ with a fibre region
⧠ ∈ ⧠ (with the fibre orientation ) embedded in the polymer matrix ⧠ ∈ ⧠ . In the
different regions it is assumed that the micro-stresses
∈ ⧠ and
∈ ⧠ are constant.
In order to derive the homogenized response of the deformation process in the RVE, let us
exploit the principle of virtual work equivalence applied to the representative region ⧠ in
Figure. 1, cf. e.g. refs. [5,6]. To arrive at a simplistic but still representative homogenized
response of the composite, it is noted that constant strain in the fibre direction is acceptable,
even in the non-linear regime of the micro-mechanical response. In the transverse direction of
the fibre it is rather the stress that is constant across the constituents, whereby the fluctuation
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is most significant with respect to the transverse direction of the fibre. To formulate this, it
is assumed (as is also suggested in the figure 1) that the stress and strain fields are piecewise
constant in ⧠ so that
∈

∈

⧠

⧠

∈

,

∈

⧠

(2)

⧠

where
and
are the fluctuations in matrix and fibre. To allow for that the micro stress in
is
constant
in
the
transverse fibre direction, we choose
where is a scalar variable
⧠
of the strain fluctuation and is the projected macroscopic strain tensor onto the transverse
direction of the fibre. This tensor is defined in terms of the second order isotropy plane identity
tensor as
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with
− + where is the second order identity tensor and +
⊗ is the structure
tensor normal to the fibre face where n is the unit normal vector as shown in Fig. 1. Moreover, !"
is the 4th order fibre transverse projection operator. Upon inserting these expressions into the
Hill-Mandel condition, it appears that the consistent homogenized macroscopic stress is
obtained as
, 1−v

!"1 −

: !"

(4)

corresponding to the continuity relation
−
∶
0 in the intrinsic matrix and fibre
stresses
and
, respectively. As desired from the outset, the intrinsic matrix and fibre
stresses balance each other so that these stresses are continuous in the transverse fibre straining
direction . Moreover, in (4) v is the fibre volume fraction.
To account for the directional influence of the fibres in the composite a Voigt model (constant
strain) was used in the direction of the fibres and a Reuss model (constant stress) was used in
the direction transverse to the fibres.
3 MODELING OF THE POLYMER MATRIX AND THE FIBRE MATERIAL
To model the intrinsic polymer matrix, it is assumed that the “elastic” shear response of the
polymer matrix material is linearly viscoelastic combined with a viscoplastic deformation
mechanism. For this, consider the rheological model in Figure. 2 for the viscoelasticviscoplastic coupling. This coupling is described in terms of the “static” shear modulus 34 and
the dynamic shear stiffness 35 = 34 + 36 , representing the elastic response at very high loading
rates (when the visco-elastic damper has no time to develop viscous deformation). As to
viscoplasticity, the damper starts to develop inelastic deformation as soon as the slider starts to
open as defined in terms of an over stress function, cf. Figure. 2.
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Figure 2: Rheological model for the in-elastic response of the matrix of the composite. It
consists of a viscoelastic 3 parameter response combined with a viscoplastic deformation
mechanism.
This corresponds to the total matrix stress
89 , where subscript “d” refers to
7
the deviatoric and “v” to the volumetric component and the constitutive state equations are
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(6)

where 7 and <9 are deviatoric and volumetric strain, whereas 7 and 89 are deviatoric and
volumetric matrix stresses. ;9 is the elastic bulk modulus of the polymer. Moreover, 97 is the
deviatoric in-elastic viscous portion of the strain. The viscoplastic strain :7 is involved in the
:
elastic deviatoric strain defined by =7
7 − 7 . We introduce the viscoplastic/viscoelastic
evolution rules related to the matrix shear behaviour defined as
> :7

3 7
9
= and > 7
2 87

?@ with @

1
236 E6∗

76

(7)

where 87= 3/2| 7 | is the effective von Mises stress of the matrix and E6∗ is the relaxation
time parameter of the elastic viscous damper. To describe the viscoplastic creep response, a
Bingham creep model is employed in terms of the viscoplastic multiplier ? and the yield
function I defined as:
〈87= − 8L − MN〉

1
J with J
E∗

?

335

(8)

where E∗ is the viscoplastic relaxation time and J is the overstress function of Bingham type.
N −89 is the matrix pressure. Moreover, M is the friction parameter.
The carbon fibre material of the UD-composite is assumed elastic transversely isotropic. We
have for the intrinsic fibre stress that
89
8P +, where the individual
7
stress contributions are
7
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where 37 is the shear modulus of the fibre and ;9 is the bulk modulus of the fibre.
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(9)

(10)
and

P
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are longitudinal shear and normal fibre stresses whereas, <P is the longitudinal normal fibre
strain tensor and is the fibre shear strain tensor, cf. ref [1]. Moreover, R is the longitudinal
fibre modulus of elasticity and Q is the Poisson’s ratio when considering the fibre as isotropic
in the fibre direction.
4 RESULTS
4.1 Material data and calibration of the model parameters
In this subsection, the material parameters and the calibration of the model parameters are
briefly discussed. The assumed material parameters for the fibre and matrix are given in Table
1 and Table 2. The conversion to the corresponding parameters used in the present structure
tensor representation is made as in ref. [1].
Table 1: Material parameters for the fibre.

R4 GPa

R6 GPa

346 GPa

36U GPa

;9 GPa

Q46

Q6U

276

27

30

9.0

24.6

0.25

0.5

Table 2: Material parameters for the matrix.

R

GPa
3

34

3

GPa

;

1.1

GPa
3.5

Q
0.36

To calibrate the model parameters, the axial stress-strain curves from the 45° off-axis
compression tests are used. These tests were performed at quasi-static strain rate of 4. 10YZ /s
and dynamic axial strain rates of 246 /s and 321 /s for compression loading and 177 /s and
300 /s for tensile loading.
The viscoelastic behaviour is calibrated using only three scalar parameters, 34 , 36 and E6∗ of
the generalized Maxwell model. Out of them only two scalar parameters are needed to be
calibrated 36 and E6∗ due to the fact that 34 is a physical parameter defined as the static shear
modulus of a matrix. In addition to that the evolution equation for the viscous strain is
independent of the hydrostatic pressure. Hence, viscoelastic behaviour is similar in both
tension and compression loading.
Table 3: Calibrated viscoelastic-viscoplastic model parameters for the matrix material.

36 GPa

E6∗

0.81

14.26

8

MPa
194

E∗
0.11

The viscoplastic behaviour is fully determined using the scalar parameters, 8 , E∗ and M. The
pressure dependence of the onset of plastic yielding in matrix shear dominated response under
compressive loading of the ply has also been considered in the model. However, it was found
that the model calibration results are in good agreement without considering hydrostatic
pressure with experimental data under uniaxial compression loading. Therefore, only two
scalar parameters 8 and E∗ are used to calibrate viscoplastic behaviour. The calibrated model
parameters which give the best approximation are listed in Table 3.
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4.2 Compression and tension results
Figures 3 and 4 show the measured [2,3] and simulated static and dynamic axial stress-strain
curves under 45° and 30° off-axis tension and compression. The dotted line refers to the
experimental results, the continuous line refers to the simulation results. A good prediction of
the nonlinear behaviour could be achieved, both for quasi-static and dynamic loading.
It can be seen by considering the experimental data of the static and dynamic 30° , 45° , 60° and
75° off-axis tensile and compression tests that the stiffness increases with increasing strain rate
in the elastic range and the axial stress-strain curves become more linear under dynamic loading
That means that viscous effects play a significant role not only in the elastic range, but also in
the plastic range. With the viscoelastic-viscoplastic material model presented in this work,
however, viscous effects are accurately predicted by the presented model.
It is also worth mentioning that the model parameters calibrated from the 45° off-axis
compression test are used to simulate other off-axis compression and tension experimental tests
and results are in good agreement with test data.
Dynamic

Dynamic

Static
Static

Figure 3: Quasi-static and dynamic axial stress-strain curves for the experiment and
simulation of 45° off-axis in compression and tension [2,3]
Dynamic
Dynamic

Static
Static

Figure 4: Quasi-static and dynamic axial stress-strain curves for the experiment and
simulation of 30° off-axis in compression and tension [2,3]
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5 CONCLUSIONS
A three-dimensional transversely isotropic viscoelastic-viscoplastic constitutive model at
the ply scale, is presented. The model is focusing on the matrix shear dominated response under
compressive and tensile loading of the ply. The current version considers damage growth
indirectly through viscoplasticity but does not contain a damage parameter or any criteria for
final failure. The model can be used with any orientation since it is a structure tensor based
formulation. Furthermore, viscous effects are included in the modeling of the elastic and plastic
regions and the model predicts the stress state in a specimen at high strain rate regimes with a
reasonable accuracy. It might be possible to get even more realistic results with more complex
homogenization such as the Mori-Tanaka model or various self-consistent techniques. Still the
challenge would be how to efficiently implement them for simulating the non-linear regime of
the micro-mechanical response.
The development of a strain rate dependent failure criterion considering strength and fracture
toughness coupled with a viscoelastic-viscoplastic constitutive model will be addressed in
future work.
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